1. Introduction. Let /be an integrable function on R. Then we have the famous Wiener-Tauberian theorem: If the Fourier transform / is a nowhere vanishing function on i?, then the ideal generated by / is dense in L ι (R) . In [EMI] Ehrenpreis and Mautner observed that the exact analogue of the above theorem is no longer true if one considers the commutative Banach algebra of ^-bi-invariant L ι -functions on a non-compact semi-simple Lie group G, where K is a maximal compact subgroup of G-i.e. Let I\ (G) denote the commutative Banach algebra of Λ^-bi-invariant L ι -functions on G. For / e I\(G) let / denote its spherical Fourier transform (see §2). Then there exist functions / G I\(G) such that / is nowhere vanishing on the maximal ideal space M of I\ (G) and yet the algebra generated by / is not dense in h{G). However when G = SL(2, i?) they were able to show that a modified version of Wiener's theorem is true i.e. / nowhere vanishing on M together with the condition that "it does not go to zero too fast at oo" would indeed imply that the ideal generated by / is dense in I\(G). (Theorems 6 and 7 of [EMI] .) This kind of result has been generalized by R. Krier [Kl] when G is a non-compact connected semisimple Lie group of real rank 1 and by the author for G of arbitrary rank [Si] .
However the problem becomes considerably more difficult if one asks the following question: Let f\,fi,...,f n be functions in I\{G) such that their spherical Fourier transforms have no common zeros in M. If \f x I + I/2I H \-\fn\ "does not go to zero too fast at 00", then is the ideal generated by f\,...,/« dense in I\(G)Ί In this paper we try to give an answer to this question when the rank of G is 1-The main tool used in a non-trivial extension of the Corona theorem due to T. Wolff ( [Gar] ).
At this point it may be appropriate to point out one of the reasons why the problem becomes much harder for n functions. If /j, fa,..., f n are functions in L ι (R) such that the Fourier transforms /i, A > Λ have no common zeros, then one can consider the function g = f* * f\ + Λ* * fi H 1" fn * fn-Then it is easy to see that g has no zero in R and hence we can apply Wiener's theorem to the single function g. However this trick is not available to us in the case of I\(G). This is because in this case the maximal ideal space M is a certain "strip" in the complex plane (see §2) and so while g will not have any real zeros, it may still have complex zeros in M.
Finally we look at the following problem: Suppose X (= G/K) is a Symmetric Space of the non-compact type. Let / e L ι (X). Can one get an analogue of Wiener's theorem in this set up? i.e. Can one give conditions on the "Fourier transform of /" which will ensure that the (/-translates of / will span a dense subspace of L ι (X)Ί We take up this question in §4 and observe that in the special case / is Kbi-invariant, we already have some answers to this question. Further we use the results of §3 to give an answer to this question in the case G = SL(2,Λ) and / a general left ^-finite function in L\X).
Notation and preliminaries.
Unless otherwise stated, G will denote a connected, non-compact, semi-simple Lie group with finite centre, of real rank 1 and K a fixed maximal compact subgroup of G. Fix an Iwasawa decomposition G = KAN and let a be the Lie algebra of A. Let a* be the real dual of a and a* its complexification. Let p be the half-sum of the positive roots for the adjoint action of a on the Lie algebra g of G. Since dim a* = 1, every element in a* is of the form λp with λeC. Thus we can identify a* with C (via this identification).
For each λ € a* (= C) let φχ be the elementary spherical function associated with λ (see [H2] for details). Then it is known that φχ = φχ* 9 iff λ = λ 1 or λ = -λ'. Let F = {λ: φχ is a bounded function on G}. Then by a well known theorem of Helgason and Johnson [H2] , F = Λ + ι [-l,l] (where i = Λ/=T).
Let I(G) be the set of all complex valued spherical functions on G, (ii) For all non-negative integers /, k,
Then (ii) can be used in the obvious way to define a family of seminorms on Z(F) under which Z(F) becomes a Frechet space. Now the well known theorem of Trombi-Varadarajan [TV] says that h -> h is a topological isomorphism from S\(G) onto Z(F). Here, for any h G I\{G), the spherical Fourier transform h is defined on F by:
Then it is well known that h is an even, bounded, continuous function on F, holomorphic in F°. Also (/*#) Λ = / g for f,g e I\{G) where * denotes convolution in the group G with respect to dx. If / G I%°{G) then / is well defined on all of C (and in fact will be an entire even function on C satisfying the Paley-Wiener growth condition).
For ε > 0, let us denote by F ε the subset R + i [-(l + ε) , (1 + ε)] of C. The following theorem has been proved by Ehrenpreis-Mautner for SL(2, R) in [EMI] and by R. Krier in [Kl] . (For groups of arbitrary rank such a theorem has been proved by the author in [Si] .):
twice continuously differentiable in the closed band F with bounded second derivative in F and sup zeF dZ k < oo for k = 0,1,2, and some p e Z + .
Then the ideal generated by f is dense in I\ (G).
Note. The parametrization adopted by Ehrenpreis-Mautner is different from ours-this accounts for the factor e~s 4n rather than e~z 2n in their work. For them, in the variable s = x + iy, it is y that goes to ±00. So it is clear that they require, for rapid decay at 00, the factor
The following non-trivial extension of the Corona theorem due to T. Wolff ( [Gar] ) plays a crucial role in this paper. 3. An application of Theorems A and B. Using Theorems A and B of §2, we can now prove the result mentioned in the introduction. We continue to assume that rank ofG is 1. h * f\ + + h n * f n = A and since A generates an ideal dense in Iχ (G), from the above equation it follows that the ideal generated by f\,..., f n is dense in I\(G). (As M. Cowling pointed out to us, it is possible to use the Corona theorem directly but the proof becomes simpler if one uses Wolffs extension of the Corona theorem.) 4. Symmetric spaces. Let G and K be as before, except that for the moment we do not make any assumptions on the rank of G. Let X = G/K be the corresponding Symmetric Space of the non-compact type and denote by 
) So a natural question to ask is: Given / e L ι (X), give conditions on the "Fourier transform" of / to ensure that the left (/-translates of / span a dense subspace of L ι (X). Motivated by results for I\(G) we make a conjecture regarding this and observe that the conjecture holds in certain special cases. Before formulating the conjecture we need to introduce some more notation-for this we have found the exposition in the introduction of [BeS] very useful and we follow this very closely.
Consider as before the Iwasawa decomposition G = KAN and let M be the centralizer of A in K. For /lea*, let πχ be the spherical principal series representation of G on L 2 (K/M) given by:
where we use the Iwasawa decomposition
and p denotes as usual half of the sum of the positive restricted roots. Then one knows that for the Harmonic Analysis on G/K, these are the only relevant representations of G. Further for λ G a*, πχ is unitary and irreducible. One can show that for / G L ι (X) and λ G a*, the "Fourier transform": [C] , [St] .) Thus if / is left ΛΓ-finite as above, we can extend the notion of nχ(f) for λ not only in a* but in F by using (*). Thus for each λ G F 9 π λ (f) is a finite dimensional operator (of dimension < n) and further λ -• πχ(f) is holomorphic in F° and continuous on F. We are thus in a position to formulate our general conjecture: REMARKS, (i) n λ (f) is nowhere vanishing as an operator for λ e F is equivalent to saying that the «-functions a\ 9 ...,a n do not have a common zero in F.
(ii) We are keeping the phrase "does not go to zero too fast at oo" imprecise for the moment. If / is a ΛT-bi-invariant function, then πχ(f) is essentially the spherical Fourier transform (see the last line of (iii) above) and Theorem B (due to Ehrenpreis-Mautner and R. Krier) and its generalization to groups of arbitrary rank (Theorem 3.3 in [Si] ) together tell us that the conjecture is verified in this case.
In the next part of this section we verify (a slightly weaker form of) the above conjecture for G = SL(2, R). For the rest of this section let G = SL(2,i?) andK = SO(2). In this case M = {±1}, {F/}£ 0 are just those characters of K that agree on ±1 and V o is the trivial character of K. In this case a* can be identified with R via Z -• Zp and with this identification a* = R and 
and as explained before write
(See statement of Theorem 4.1 and the discussion immediately preceding the theorem.))
for a certain explicitly computable polynomial p(λ) (which will of course depend on V)-see [EM1,2,3] for details. Then using the work in [EM1,2 9 3] characterizing the Fourier transforms of rapidly decreasing functions, one can find functions g^ in the Harish-ChandraSchwartz subspace of rapidly decreasing function of L 1 (K\G/V ik ) such that the Fourier transform of g^ is given by p^λje"^1.
Here Pk(λ) is a certain polynomial and (provided we choose e sufficiently small) Pic(λ) has no zero in F ε except possibly at +/. Also p\(λ) = 1 (where 
also satisfy a similar estimate in F ε° i.e. The above proof relies on reducing the problem to the ΛΓ-bi-invariant case and then using Theorem 3.1. This was achieved easily in this case because for SL(2,i?), the ΛT-types are all one dimensional. However we feel that with some (perhaps non-trivial) modification this method will also work for general rank-1 groups.
Concluding remarks.
The problem dealt with in this paper is a kind of spectral synthesis problem for L ι (G/K). As is evident from this paper, this kind of problem seems quite difficult-this is not altogether surprising considering the difficulty even in L ι (R) . For a detailed treatment of spectral synthesis for I\(G) see [K2] . 
Vk e K.)
Now a few words about non-compact symmetric spaces of the Euclidean type i.e. R n with the usual Euclidean structure. For simplicity let us take n = 2 i.e. R 2 . Then R 2 can be viewed as Af(2)/SO(2) where M{2) is the group of (proper) rigid motions of the plane and SO(2) the group of rotations. Let {πχ}χ eR + be the principal series of representations of M{2)-see [Su] [We] .) So it would be interesting to have a modified version of Wiener's theorem for the full semi-simple Lie group G.
Finally a few words about the corresponding problem for L 2 -functions on symmetric spaces of the non-compact type. As observed in [ In view of this a natural question to ask is: Suppose G is a locally compact unimodular group, G the unitary dual of G and μ the Plancherel measure on G. If / e L ι (G) nL 2 (G) has the property that for almost all π (with respect to μ) in G, π(f) Φ 0, then is the smallest closed linear subspace containing all the two-sided translates of / equal to L 2 (G)Ί This question (in fact a more general version of this) has been settled in the affirmative by C. E. Sutherland [Sut] . Also in his paper the Inversion of Wiener's theorem for general Gelfand pairs (G, K) is discussed.
